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1. INTRODUCTION

Let N, N+ and R denote, respectively the set of positive integers, the set of
nonnegative integers, and the set of real numbers; let I1, , n € N, denote the
set of algebraic polynomials of degree less than or equal to n; let Cla, b]
denote the set of real continuous functions on [a, b]; let w(/; ) denote the
modulus of continuity of f; let || /1| denote the sup norm of f< Cla, b]; and,
finally, let ¢, ¢5 ,..., d; , 45 ,..., denote absolute positive constants.

In this paper, we are interested in determining how well we can approxi-
mate continuous functions which increase and decrease a finite number of
times on a closed interval by polynomials which share the same monotonicity
properties on this interval.

A function f e Cla, b] is called piecewise monotone if it has a finite number
only of relative maxima and minima on [a, b]. The points ¢ and b together
with the relative maxima and minima of f are called the peaks of f. Given
that f'is a piecewise monotone function on [— I, 1] with peaks at the points

—1 ::go<§1<'”<.g/¢:]a

we define the degree of comonotone approximation to f by elements of I7,
to be

EL(f) = inf{] [ —pl: peIlL(f),

where IT,( f) is the set of elements of /1, which have the same monotonicity
as f on each of the subintervals (¢, , £,.4),7=0,1,...,k — 1.

* The research of this author was partially supported by a Temple University Summer
Research Grant.
35
0021-9045/78/0241-0035%02.00/0

Copyright © 1978 by Academic Press, Inc.
All rights of reproduction in any form reserved.



36 MYERS AND RAYMON

If kK - 1, that is, if fis a monotone function on [ —1, 1], then Lorentz and
Zeller [3] have shown that

EX(fYy s co(finmY),  noe= 10200

that is, we can approximate monotnely with the same order of approximation
guaranteed by Jackson’s theorem for

En(f) = lnf{Hf— P J“ p 6[171}-

Ideally, we would like to show that

ES(f) = Olw(f; n7) (1

for any piecewise monotone function f. The quantitative results already
known on comonotone approximation are of two kinds—monotonicity is
preserved, but at a ioss in degree of approximation, or the Jackson order of
approximation is retained, but comonotonicity is lost around the peaks of f.
More specifically, regarding exact comonotone approximation (where
monotonicity is preserved even around the peaks), it has been shown by
Passow and L. Raymon [6] that if f is a piecewise monotone function on
[—1, 1], then, given any ¢ > 0,

EX(f) = olw(f; n71%9). (2)

In this paper we obtain a Jackson-type theorem for comonotone approxi-
mation. In particular, we obtain estimates of the form (1) for comonotone
approximation to piecewise monotone functions of a certain type. This class
of functions will include, in particular, all piecewise linear functions which
are non-constant in each subsegment containing a local extremum.

The DeVore kernel is defined to be V,(t), where

Vult) ==ty [ (szzn(f) 2) ]

where P,,(t) is the Legendre polynomial of degree 2n, «, is its smallest
positive zero, and v,, is a normalizing constant chosen so that

{ Ly de — 1

Y1

If we vary the DeVore kernel by dividing out additional zeros of P,,(¢).
that is, if we define, for each j € N, the D — j kernel V,, ,(¢) by

Vn.j(t) = Upnj [(12 — 27l(,()t2 — az )]A (3)

]71
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where P,,(t) is again the Legendre polynomial of degree 21, oy, , % 5 5y
;. are the j smallest positive zeros of P,,(t), and v, ; is a normalizing constant
chosen so that

1
[ Vasnydr=1,
-1

then we obtain a whole sequence of algebraic kernels with the following
property: If we define the nth D — j polynomial of fe C[—%, 1] to be

00 = [ Vast— D W, @

then Q,, (f; x) € [1y(,_; for each n == j. It is shown in [l, Chap. 6], that if
0 << 8 < %, then

1f— Qu il Dlli-s.51 < csw(f; n7?), (5

where ¢; is a constant depending only on j and 6.
In proving our main result, we will need to use one of the D — j kernels
for which j > 2. We will, in fact, choose to work with the D — 2 kernel.

2. PRELIMINARIES

Note. We adopt the following convention regarding notation: Suppose
we are given a “‘distinguished” set of points {z,} (i = 1,..., r) satisfykng

a <<ty <<ty<<--<t,<b

Then, when we refer to the number d with respect to the set {a, b, t,}, we will
always mean the number % min,; {(, —a), (b —t),(t;.1 — )}, and if
0 << € << d, we denote by S, , the collection of intervals

{la,t; —€), (t, + € b), (t; +- €, 1,1 — €)} (i=1,..,r—1.

Before stating the theorem, we will make the following definitions and
observations:

DerINITION 1. Let f(x) be a piecewise monotone function on [a, b],
with peaks at

a=¢§& <& <<€, =0,

where p > 1. We say that f(x) satisfies a convexity condition (around its
peaks) if there exists € > 0 such that in each of the intervals (§; — ¢, & + ¢),
i=12..p,

A%f(x) = 0 if &, is a local minimum,

A% (x) < 0if &, is a local maximum.
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Note 1. The following statements are true for any function f satisfying
the above definition (see [7, pp. 108-109]):

(i) The right- and left-hand derivatives of f exist at each point x ¢
(¢é,— e, & +€,i |,...,p (and are equal almost everywhere) and are
denoted by D*f(x) and D~f(x), respectively.

(i) The functions D*f(x) and D~f(x) are non-decreasing [non-increasing]
in the intervals (¢, — ¢, &, ' €) for which &, is a local minimum [local
maximum], and if x, y e (¢, — e, &, + e)and x << y, then Df(x) < D f(v) -
DHf()[Df(x) == D f(y) = D f(»)]

DEfFINITION 2. Let f be as in Definition 1. Then f is properly piecewise
monotone if it satisfies a convexity condition for some ¢ > 0 and if, for each

i=1..,p,
| Df(ED] = 0,1 D f(E)] = 0.

Note 2. The following two observations follow easily from the definition
of “‘properly piecewise monotone” together with Note I:

(i) Define, for each i =- 1,..., p,
M, = max{| Df(£)!, | Df(£)}.
Then for each such 7, there exists 0 < ¢, < € such that
Lf(0] <2M;ae.  in(§ — e, &+ ¢). (6)
(i) Define, for each / = 1,..., p,
m; = min{| D7f(£)}, | Df(E)]).
Then for each such /,

PACY RN (0N . 7)
=,

X —y
whenever x and y belong to one of the intervals (¢, — €, &) or (£, &, -+ ¢),

X 5= ).
We are now ready to state the main result:

THEOREM. Let f(x) be a properly piecewise monotone function on [—1, 1].
Then, for n sufficiently large, there exists P, € Il satisfying

P, is comonotone with fon [—1, 1]. (8)
1= Pul < qo(fsn), 9)

where ¢y Is a constant depending on properties of f.
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In [4], we obtained certain estimates on the D — 1 kernel. These proofs may
easily be modified to yield the following estimates for the general D — j
kernel, V,, (1), defined by (3), and its derivative.

Lemma 1. Let € > 0 be given, and let 1 > v > 0 be specified. Then there
exist positive constants d(j) and d'(j), depending only on v and j, such that, for
all n = 2(j + 1)/e,

() ifvzz|x]| =e then
0 < V, ,(x) < d(j) n¥it1es
and

(i) ifv=]|x|=c¢ then

|V (x) =< d'(j) nhit2etioe,

.

Proof. (i) See [4].
(ii) We sketch the proof of (ii) for the D — 1 kernel. An easy modifica-
tion yields the more general result:

Differentiating V, ;(x) by the quotient rule, and using the estimates on
a, , given in [4], we get, letting z(x) = (x> — o ,)?, that

(z(x)1] << 2¢* for n = 4e,
and
’ Z/(X)/Z(_X)! g 3€¥2 for n ;; 4/5

Now, using the estimates on P,,(x), P,,(x), and v, ; given in [4] in the formula
for V,, 1(x), we get (ii).
We will also need the following three lemmas:

LEMMA 2. Let je N be fixed. Let V, (t) = U, t) be the D — j kernel
defined by (3). Let pe[—1%, %], and let r, {x — p) = ry(x — p) denote the
nth D — j olynomial of the function | x — !, —% < x < L. Then

r:;(x - IJ‘) - 2U7L(X - f'l’) - Un(x — .13) - Un(x —I_ ]2)
UL+ B) — BULx — B) - p(Ui(x — ) + Ul(x + D).

Proof. By definition we may write

V/2

ro(x — p) = L’Jz Ut — x) t — | dr.
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Keeping in mind that U,(¢) is even, then making the substitution » == x - ¢
in the above integral and splitting up the new integral, we get

aartl 2

Faox — @) == J Uy x —p—tide

s—1/2

w12

[ U nd— [ U~ =

J-172 Vir—u

Differentiating this expression twice with respect to x yields our resuit.
We also get the following expression for the derivative of the nth D —
polynomial of a function f:

LemMma 3. If fe C[—4, 4] and @, (f; x) = Q.(x) denotes the nth D — j
polynomial of f given by (4), then

QUx) — —f(8) Unlx — D)+ f(=D Uplx + )
[ v aro. (10)

Proof. As shown in [2] for the D — 1 polynomials of f, (10) follows by
first integrating Q,(x) by parts, then differentiating with respect to x.

Note 3. Since we will be dealing primarily with the D — 2 kernel, we
will adhere to the following notation: We denote the D — 2 kernel, V,, ,(x),
by U,(x), we let u, be the normalizing constant v, ,, and, if p € [—1, 3], we
denote by r,(x — p) the nth D — 2 polynomial of the function ‘x — pu
—i<x<h

It is well known that the convolution of a kernel with a continuous function
f frequently approximates f ‘“‘better” in places where f enjoys greater
smoothness. We prove a spacial case of this general statement:

LemMa 4. Let f be a properly piecewise monotone function on [—13, i1,
with local extrema at the points {£€;} (i = 1,..., p), where

—: << §1 < fg < << 51) < _}»

and p = 1. Let f satisfy Definition 1 with € > 0, and suppose, without loss of
generality, that € < d, where d is taken with respect to the set {—%, —1%, £;}.
Let M;, m;, and €; be defined as in Note 2. Let Q,(f; x) denote the D — 2
polynomial of f. Then, for each i = 1,..., p, there exists N, such that if x &€
(& — %e, &+ Yedandn = N,

Ef(x) - Qn(fs X): \< dQMznil-
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Proof. Let a;, =¢, —€,b;, =&+ ¢,,i = 1,...,p. Define the function
g(x) on [—13, 1] as follows:

g(x) = f(ai)’ % < ; a;,
= f(x), a; <x <b;,

Then g(x) € Lip(1, 2M,) by Note 2(i). Let Q,(g; x) denote the D — 2 poly-
nomial of g(x). Then if x € (§; — 1, & + e,

L f(x) — Qu(fs X)| = | g(x) — Qa(f: X)|
< gx) — Qg ) + | Qg X) — Qu(fi X)), (11)

where, by our introductory remarks (see (5)),
| g(x) — Ou(&; 0 <& — Cul@lli-sss.1/a1
< 2e, M1, (12)
and, by Lemma 1(1) (with j = 2),
1 Qn(g; X) - Qn(f- Y)l
g 1/2
<| [+ [ 0 = e — e ar
-1/2 by
< dy | f ] (e, (13)

whenever n = 12/¢; .
For n so large that n 2= 12/¢; and

di|l flln M (Ee) ™ < M, (14)

the result follows from (11)-(13).

3. PrROOF OF THE MAIN RESULT

Note. A piecewise linear function L(x) defined on an interval [q, b] is a
(continuous) function for which there exist points ¢ = x, < x; < - <
x; = b, called the nodes of L(x), such that L(x) is linear on each of the
intervals [x; , x;.4),/=0,1,..,k — L.

If L(x) is a piecewise linear function with nodes at the points x, << x; <

<< Xy , we define S; to be the slope of L on [x;, x; 4,1,/ =0, 1,.... k — 1,
and M(L) = max; | S;].



42 MYERS AND RAYMON

Proof of the theorem. Without loss of generality we will show that there
exists a sequence of polynomials {P,} belonging to Il,,, (where pis the
number of local extrema) for » sufficiently large, and satisfying (8) and (9)
for n sufficiently large. Again, without loss of generality, we will work on the
interval [— 2, — 1]; unless otherwise indicated, all norms will be taken on this
interval. On those occasions when it is necessary to choose a constant or an
n which is sufficiently large, for the sake of simplicity, we will not always
make the most economical choices.

Case 1. Suppose that f(x) = L(x) is a piecewise linear function satisfying
the hypotheses of the theorem. We note that because it is piecewise linear,
L(x) aytomatically satisfies a convexity condition for some ¢ =~ 0. Let the
nodes of L(x) occur at the points

—§ <Xy < <X = g,
and let

—i<bh Sh <<, <
be the local maxima and minima of L, where p = |. Take d with respect to
the set {—%, —1, &} (i = 1,..., p). Without loss of generality, we assume that
€ < d. We note that, since each &, = x, for some 2 <.t < k — 1, then,
using the notation of Note 2,

M;=max{{S, ,[,1S/ jim =min{{S_, ], S i}

Let 0 < <€, 1= 1,.,p, be such that (6) is satisfied for L. (Clearly, we
may always take

€; = min {(x,; — X)), {x; — X, 4)})

We extend L(x) comonotonely to [—4, 1] (and we denote the extension by
L(x) also), by defining

L(x) = L(—{) + Si(x + ), —isxs =4
and

L) = L(—9 + Spalx ),  —i<sx<i
Defining x, = —1{ and x,.; = %, we may write

;
Lx)y=A4+ Y a;lx—x;|,

i=0
where 4 1s a constant, and where

Gy = (SO M‘" SA')J’(?*’ a; = (SJ - SJ ]),/2’ / i

1"
—
x~



EXACT COMONOTONE APPROXIMATION 43

Letting Q,(x) denote the D — 2 polynomial of the (extended) function L(x),
then, since

| OnoA4; x) — Alli_a8,-1/a1 = O(n°),

we may assume, without loss of generality, that

k
Qn(x) = A + Z ajrn(x - xy')- (15)
=0
We know that
1L — Onl < eyM(L) n, (16)
Define £, = —+% and £,,, = —+%. The remainder of the proof (for Case 1)

will go as follows:

We will modify the sequence of polynomials {Q,(x)} in such a way as to
obtain a sequence of polynomials {S,(x)} satisfying

Sp(x)ell,,_sforeach n >p + 1. {17
For #» sufficiently large,
L — S, |l <dsM(L)n™?
for some absolute constant d; . (18)

There exists d > 7 > 0 such that for » sufficiently large, S, (x) is
convex on the intervals (¢, — 7, & + 7) for which &, is a local
minimum, concave on the intervals (¢, — =, &, + 7) for which &,
is a local maximum, and comonotone on S, (see Note at beginning
of Section 3). (19)

Finally, we will perturb the §,(x) to obtain the desired polynomials.

If we differentiate the expression (15) twice, and use Lemmas 1 ((i) and
(ii)) and 2 (with j = 2), together with the fact that L satisfies a convexity
condition for € > 0, to estimate separately each of the terms a,r,(x — x;), we
may obtain the following estimates for Q,(x) in each of the intervals (£; — 1e,
&+ Le), i == 1,..., p. We employ here the same technique that was used in [4]
to estimate the second derivatives of the DeVore polynomials of a given
piecewise linear function, and, omitting the details, we may assert the
existence of a constant d, such that for all x belonging to one of these intervals
for some i = 1,..., p, and for all n > 12]e,

0n(x) = —(k + 1y d,M(L) n=%¢8 for &, a local minimum, (20)
and
0n(x) < (k + 1) d,M(L) n~%¢® for ¢, a local maximum. 21
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We now estimate Q,(x) in the intervals (&, + /1, &0 — H), 1 -0, 1. p,
where 0 << h < d. Suppose that x e (§; + h, £, — h), where, without loss
of generality, we assume that fis nondecreasing in (¢; , §,,4). Using Lemma 3,
with f(x) = L(x) and j = 2, Q,(x) is given by (10). Now

J”z Ut — x) dL(1)

—1/2

- ij - f;/z Ut — x) "L(f)] + f: Ut — x) dL(t)

i+l i

v

41

> —dML)ynhs,  forall n > 6/h, (22)

where, in the last inequality, we use Lemma 1(i) together with the fact that
Var_; jpcacie (L) < M(L). We may assume, without loss of generality,
that L(—2) = 0; hence, || L{|{_1/2.1/21 < M(L). Then, using Lemma 1(i), since
—+% < x << —+3;, it follows that

| —L3) Unlx — 3) + L(—3) Unlx + D <deM(L) 177, (23)

for each n.
Hence, from (10) and (22)—«(23), we have that for » > 6/h and x € (¢, + h,

§i+1 - h), l - O, ],...,p,

Q(x) = —d M(L) n—"h78, if L is nondecreasing in (¢, , £;41),  (24)
and
Q%) < d M(L) n~"h=8, if L is nonincreasing in (¢, , £:,1), (25)

where we may take d, = d; + dj .
We assume, without loss of generality, that p is odd and that S; < 0. We
define

n
P(x) =[] (x — &)
i=1
Then ffl/z P(r)dt is comonotone with L(x) on [—3%, 3], and, for each
i=1,.,p,
P'(&) = dr1if £, is a local minimum (7 is odd),

and
P(¢) < —dr1if € is a local maximum (7 is even).
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By continuity, there exists 7' > 0 (depending only on p and d) such that
P'(x) > 1d* in the intervals (¢, — 7', & + '), if i is odd, and
P'(x) << —3d? ! in the intervals (¢, — 7, & + ), if i is even. (26)

Let 7 = min,{7’, ¢,;}. Define

Su(x) = Qn(X) + ¥ fm P(1) dt,

where
Yo = dgM(L) n~377%d 11, @7

(where we may take dy > 2 max {d, , d,}). Then, clearly, §,(x) satisfies (17).
It follows from (20)—(21), (24)-(25) (with A = 7), and (26) that S,(x) satisfies
(19) for all n such that

n = max {(k + 1), 6/7}. (28)
Also, we note, using (27), that
| L(x) — Qn(x)| + dsM(L) n~57=84-7+1, (29)

VAN

whenever n > k and x € [—2, —1]. By (19), we know that for # satisfying (28),
S.(x) has exactly one peak in each interval (¢, — 7, &, + 7), i = 1,..., p. Let
these peaks be {£f, = £/}, i = 1,..., p, where

€ <& < <E5.
We make the following
Claim. For n sufficiently large,
V€ — EF, | Sdygrn?, i=1,..,p, &)
where r = max,; {M;/m;}.
Proof of claim. Suppose that x e (§; — 7, §; + 7) and that # satisfies

—8J-p+1 1/4
n > N/ > max {(k + 1), 6/7, N; [MQ—T-d—p——] % .

I, €2))
Then, using (29) together with Lemma 4, we have that
FL(x) — So(x)] < dyMint

=€y, = €;. (32)
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We suppose, without foss of generality, that £ < &, and that f is non-
decreasing in (¢,_, , &,). Then, using (7) (with /= L), together with (32), we
have

n(g) Jf €; L(f) = L(§7 1 ’”i(gz' - gv*)
Sn(le“) —e; + ’77i(§1? — fz*)
S —e; - mdé — €D

from which (30) follows. Let N’ == max, {N;}. We note that for n = N',
S,(x) satisfies (18).

‘We now perturb the S,(x) to obtain the desired polynomials. The technique
is the same as the one used in [5, Theorem 1].

For n = N’, we let w,(x) = w(x) be the LaGrange Interpolating Poly-
nomial of degree p — 1 such that

u‘(gi) == 57*, l. = lv"" p
Then we can write

W) - Y EH),

i=1
where
H()*]—[g_g [=1,.,p.
J#i
Then
)
w(x) = Z (& + my) Hix)
i=1
=X + 2 H(X),
where
P | < hy = dygrn™. (33)
Thus,
I wix) — x Iro1ra.121 < aphy ,
where
a, = _max Z | H(x)! .
Also,

wix) =1+ Z 7:H{(X),

=1
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so that
wi(x) =1 —byh,,
where

b, = max ‘2 | Hi(x) .
i=1

—i=x<<}

Hence, w'(x) > 0 for all x e [—14, 1] if n satisfies
n>=N"Zdyb,. (34)
Let N = max {N', N"}. Define, for n == N,
Py(x) = Sy(w(x)).
Then P.(x) e Il,,, with
P! (x) = S (w(x)) w'(x).
Hence,
sgn P, (x) = sgn S, (w(x))

for all xe[—%, 3] and n > N. Thus, P,(x) is comonotone with L(x) on
—3% —1jforalin > N.
Finally, taking norms on the interval [—%, —1],
NL — Poll SNL — Sull + 1| Salx) — Sp(wC)I -
Now
[ Sp(x) = S (W] < @(Sn 5 | w(x) — x 1)
< w(sn 5 azzhn):

where

w(Sn; h) = Ssup 1 Sn(x) - Sn(V)i

[x—y|<h
< sup [| Su(x) — LX) + | Lx) — LM + [ L(y) — Su(»)l]
K20 L — S|+ M(L) A

Thus, by (18) and (33), we have, for n > N,

L — P, <3d;M(L) n* + dyya,rM(L) nt
= dLM(L) n_l,

where the constant d; depends on L.

640/24/1-4
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Case 2. Suppose that fis an arbitrary function satisfying the hypotheses
of the theorem. Let f(x) have its peaks at the points

—i=h <& < bha

where p 2> 1. We suppose, without loss of generality, that f(—2) = 0. We
let M;,m;, and 0 < ¢; < ¢ have the same meanings they had in Note 2,
where f(x) satisfies Definition 1 with 0 <C € << d, where d is taken with respect
to the set {£;} (i =0, 1,..., p + 1). Let L,(x) be the piecewise linear function
whose nodes occur at all points

gi _7—_]/” < (fz — fiﬁ-l)/’29j6N+, l = Os ]""9p9
and at all points
é:i “‘]/n 2 (fi—l + gi)/z’jeN+> [ = ]5"'9p —%. 15

with the exception of those nonpeaks which have distance less than 1/n from
each other. Let the nodes of L,(x) be the points {x;} (=0, 1,...,5 — 1),
where

=Xy < Xy < < Xyq 4

wleo

We define L,(x;) =f(x;), j=0,1,...,5s — 1. Then L,(x) has the following
properties:

W) ln<xn—x,<4/nj=0,1,.,5s— 2.

(i) [f— Lol < o(f; 4/n) < do(f; nY). (35
(iii) L, is comonotone with fon [—32, —1].
(iv) M(L,) < 4dno(f,n™). (36)

(v) For n = 6/e, the slopes of L,(x) are increasing in the intervals
(&; — 1e, & -+ %) for which &, is a local minimum, and decreasing in the
intervals (§; — 1, & + %e) for which £, is a local maximum.
(vi) Forn >=6/e;,|S;| <2M, for all
x;€ (€ — e, &+ de).
(vii) Forn = 6/e, | S; | == m, for all
x;€ (€ — de, & + deo).
(viii) |'f]l = || L, | for each n.
(ix) s+1<nifn<<2p+ 4.
Now, by Case 1, for all n satisfying (34) and satisfying (14) and (31), where
we let i¢;, s, M(L,), and || L, play the roles of ¢;, k, M(L), and || f|,
respectively, i = 1,..., p, and where we take 7 = min, {7', 1¢;}, we can find
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P, (x)ell,,, such that P,(x) is comonotone with L,,, such that P,(x) is
comonotone with L,(x), hence with f(x), on [—2, —1], and such that

W Lyn — Pyl < dM(Ly) n, 37

where d;, depends on r = max; {M;/m;} and on the peaks of f. Then, using
(35)37) together with the fact that

If=Pull <If—Lall + 1 Ly — P, 11,

we have that
If— Pall < dpo(f; n7Y),

where d; depends on f. Q.E.D.

Remark. We note that we can derive the estimate

EX(f) = ola(f;n7)), €>0

(see (2)), for an arbitrary piecewise monotone function fe C[—1, 1] by
modifying the proof of the theorem slightly. We will briefly sketch the means
by which this can be done:

Step 1. Suppose that € > 0 is given, and we wish to approximate fe
C[—%, —1] comonotonely by elements of /1, with error of smaller order of
magnitude than O(w(f; n='*)). Choose je N so that j~! < ¢ and let t =
1 —j%. Approximate f by piecewise linear functions whose nodes are
spaced at least n—! apart and at most 4n~? apart and which include the peaks
of f. Let

—f=Ex <y < <x=—1

be the nodes of L, and define L, (x;) = f(x;),/ =0, 1,..., k. Then

(1) L, is comonotone with fon [—%, —1],
(i) If— Lyl < do(f;n9),
(i) M(L,) < 4ntw(f;n), and
(iv) L, is convex [concave] in an interval of radius n~* about each local
minimum [maximum] of f.

Step 2. Extend L,(x) to [—1, 4] in the same way we extended L(x) above.
Let @, /(x) be the nth D — j polynomial of L,(x) for each » = ;. Using
Lemmas 1-3 (with the j we selected in Step 1), we can construct polynomials
Sp.i(x) €Il (,_5 in a manner similar to that in which the S,(x) were con-
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structed above. The S, j(x) can be shown to satisfy, for » sufficiently large,
the estimate

LS,y s duM(Ly) At
for some constant d,; and the condition (19) where we may take 7 == #~".

Step 3. Noting that the S, ,(x), for n sufficiently large, have exactly one
peak in neighborhoods of radius n~* about each peak of f; we perturb the
S,.i(x) to obtain polynomials P,(x), comonotone with f on [—%. —1] and
satisfying

i f_ Pt e O(w(.f’ 7!—’))

= o(w(f; n7'7)).
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